We begin with a list of conventions, assumptions and well known facts:
(a) By a ring R it is meant an associative ring R with 1, whose singular right ideal [2] is zero. R R is used when R is considered as a right iϋ-module.
(b) Q denotes the maximal right quotient ring [2] of a ring R and so Q is a Von Neumann regular ring, i.e. a ring every principal right ideal of which is a direct summand, and also the injective hull of R R [2] . Now for the rest of the list, let R be a given ring.
(c) By a module M it is meant a unitary right .R-module M; Z(M) denotes the singular submodule of M [2] and a module of zero singular submodule is called (for short) nonsingular. ^4^ denotes the class of all nonsingular iϋ-modules.
(d) For each module M, E{M) denotes the injective hull [2] of M. If M and N are modules such that M S N we write M S' N to denote the fact that M is essential in N (N is an essential extension of M 527 528 VASILY C. CATEFORIS [2] ).
(e) A module C is said to be ikf-torsionless, for a given module M, if C can be embedded in a direct product of copies of M, or, equivalently, if Π ker /= (0) where / ranges over Rom R (C, M) .
(f) A module M is said to be a cogenerator for a class Jzf of modules, if every module in J^ is M-torsionless, and an injective cogenerator if, also, M is injective.
(g) Whenever a cogenerator M for ^V is considered it is assumed that M is also in ^V. As a corollary to Gentile's [3, p. 427, Prop. 1] we have: PROPOSITION 0.1. Q is an injective cogenerator for (h) Perhaps the most crucially, certainly the most often used result is the following consequence of [6, p. 119, Remark] and [7, p. 226, Lemma 2.3] : LEMMA 
If A is an injective module and C is a nonsingular module, then any homomorphism f:A-+C splits (i.e. ker / is a direct summand of A).
The following will also be of frequent use: LEMMA 
If I is a right ideal of R, then E{I) = eQ for some idempotent in Q.
(i) For a nonempty subset S of a module M, r. ann^S -{re R/sr = 0, for all seS} and thus a module M is faithful if r. ann^Λf = (0); a module M is said to be minimal faithful if M is faithful and no proper (Φ M) direct summand of M is (faithful).
1* Minimal injective cogenerators for Λ^
Let R be a ring. We start with a generalization of a theorem of Armendariz [1, p. 568 Proof. Let f:eQ-+N be a homomorphism such that f(e) Φ 0. Since N is an essential extension of 0/ α Q, there exists r e R such that 0 Φ f(e)r e @f a Q and so for some βeA π β f(e)r Φ 0 where iCβi (Bf a Q-*fβQ is the canonical projection. It follows now by Lemma 0.2 that π β f(er Q) is a nonzero direct summand shared by eQ and f β Q.
COROLLARY.

If in Q there exist nonzero idempotents e ι and e %
such that e x Qe 2 Q = 0 then there also exist nonzero idempotents f t and f 2 such that fiQ, i -1, 2, is (isomorphic to) a submodule of N and ΛQΛQ = 0 (N is an injective cogenerator for DEFINITION 1.7. (a) If e and / are idempotents in Q, the summands eQ and fQ of Q are said to be orthogonal if eQfQ = (0).
(b) A nonzero right ideal B of Q is said to be only orthogonally decomposable if whenever 5=IφΓ, for right ideals X and Y of Q, then 17= (0).
It is easy to see that Q need not have any orthogonal summands different from (0) and Q; in fact we have:
is a prime ring if and only if Q has no orthogonal summands other than (0) and Q.
Proof. A prime ring is one in which, for example, the product of nonzero principal right ideals is nonzero. Every principal right ideal of Q is a direct summand of Q.
REMARK. If Q is not a prime ring and N is an injective cogenerator for c#", then N contains (isomorphic copies of) orthogonal nonzero summands of Q (Lemma 1.6). Now we consider an existence theorem. 
In particular if M is a minimal injective cogenerator for ^ί^, then M~ fQfor some minimal faithful right ideal direct summand fQ ofQ.
Proof, (a) implies (b). Let {e a Q:aeA} be a set of summands of Q such that M = E(@e a Q) (given by Corollary Z.I). We show at once that the summands {e a Q} are pairwise orthogonal and each only orthogonally decomposable. To this end suppose e a Q and e β Q(a Φ β) share a direct summand and so there exist module decompositions e a Q = A' φ A" and e β Q = B f © B" with A' = J5' and both A! and B f nonzero. These (decompositions) induce a module decomposition M = A! © B f 0 C; now since A! -B' and M is a cogenerator for .<sK, it follows by the definition of cogenerator that, for example, B' φ C is 532 VASILY C. CATEFORIS also a cogenerator for ^, contrary to the minimality of M. It follows that e a Q and e β Q are orthogonal whenever a Φ β and, by the same argument, that each e a Q is only orthogonally decomposable. Finally, the set {e a Q: aeA} is a maximal set of pairwise orthogonal summands of Q by Lemma 1.6.
(b) implies (c). Let fQ -2?(0 e a Q), where {e a Q: aeA} is as given in (b) (and so in particular the direct sum 0 e a Q is internal). To show that fQ is faithful, assume that, on the contrary, there exists a nonzero idempotent e in Q such that fQe = (0); it follows that e a QeQ -(0) for each aeA and so {e a Q: ae A} U {eQ} is a set of pairwise orthogonal summands of Q, properly containing {e a Q: aeA}, contrary to the latter's maximality. To show that fQ is minimal faithful, suppose that fQ = JB φ C where B is faithful and so, by Corollary 1.1.2, an injective cogenerator for ^/\ It needs to be shown that C -(0). If C is not zero, that there exists a nonzero idempotent e in Q such that eQczC and since 0 e a Q £' fQ it may be assumed that eQ c 0β α Q. Furthermore as eQ shares a direct summand with some e a Q (Lemma 1.6.) and as the e a Q's are orthogonal, it may be assumed that eQ c e β Q, for some β e A. Now since B is an injective cogenerator for ^Γ, it follows from Lemma 1.6 (and Corollary Z.I) that eQ shares a direct summand with some summand e'Q of B, for some nonzero idempotent e' in Q, and it may be assumed that e'Q is isomorphic to a summand of eQ. As in the case of eQ, it may be assumed that e'Q is contained in one of the summands e a Q and as they are orthogonal it must be that e'Q c e β Q. Now since e'Q c B and eQ c C, it follows from BΠC = (0) , that e'Q Π eQ = (0) and thus e'QeQ = (0), as e β Q is only orthogonally decomposable; however e'QeQ Φ (0) (Lemma 1.4) and thus the assumption C Φ (0) has led to a contradiction. (2) Any injective cogenerator M for <yV" contains a submodule isomorphic to a faithful right ideal fQ, for some nonzero idempotent / of Q. In fact if {f ό Q: j ej} is a maximal set of pairwise orthogonal summands of Q contained in M (such exist by the Corollary to Lemma 1.6 in case Q is not prime) then fQ can be chosen to be E{@f 5 Q).
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The following is a uniqueness theorem. Proof. In view of Theorem 1.9 and Remark (2) following it, for a proof of both (a) and (b) of this theorem, it is sufficient to show that if e and / are idempotents in Q such that eQ is minimal faithful and fQ is faithful, then eQ is isomorphic to a direct summand of fQ. We show this next:
If an ideal A of Q is such that eQfQA = (0) then fQA = (0) and so A = (0) as both eQ and fQ are faithful. It follows that eQfQ = eQ, as eQfQ is a faithful direct summand of eQ. Thus there exist elements p and q in Q such that e = epfq and so the homomorphism h: fQ -•> eQ given by h(fx) = epfx is an epimorphism. It follows from Lemma 0.2 that eQ is isomorphic to a direct summand of fQ.
We do not know whether, in general, the property of being isomorphic to a submodule of every injective cogenerator for ^V 9 characterizes the minimal injective cogenerator, among the injective cogenerator s for *sV.
A simple example to put the results of this section in some concrete form is the case when R is a commutative ring. It is easy to show that then Q, also, is a commutative ring and Q is only orthogonally decomposable. Q is the unique minimal injective cogenerator for 2. Nonsingular uniform modules; rings of finite Goldie dimension; prime rings* The assumption that R is an associative ring with 1, of zero singular right ideal and that Q is its maximal right quotient ring, continues in force.
A module M is said to be finite dimensional (in the sense of Goldie) [4, p. 202] if it contains no infinite direct sum of nonzero submodules and we call R a finite dimensional ring if R R is a finite dimensional module. A module U is said to be uniform if U Φ 0 and U is an essential extension of every one of its nonzero submodules. A uniform right ideal of R is, then, a uniform submodule of R R .
For each module M, Soc (M) denotes the socle of M.
In this section we are primarily interested in nonsingular uniform modules, as when they exist "in abundance" (e.g. when the sum of uniform right ideals of R is essential in R R ), then they determine the minimal injective cogenerator for ^V^ in a simple way; in fact (they 534 VASILY C. CATEFORIS determine it) quite in the manner in which the (nonisomorphic) simple modules and their injective hulls determine the minimal injective cogenerator of the category of all modules. Thus we proceed in the following with a sequence of facts about nonsingular uniform modules (when they exist), some of them, probably, well known. LEMMA 
A homomorphίsm f:U->A
where U and A are nonsingular modules and U is uniform is either the zero map or a monomorphism.
Proof. U/ker f is a nonsingular module, since A is and so if ker/ Φ (0) then it must be that ker/= U, since U/kerf is, then, its own singular submodule as well. DEFINITION 
A uniform module U is said to be equivalent to a uniform module V, and then we write U~ V, if E(U) = E(V) or, equivalently, if there exists monomorphism
It is clear that this relation is an equivalence relation on uniform modules. LEMMA 
The following statement about a uniform module U are true: (a) Z(U) = U or Z{U) = (0) (b) If Z{U) = (0), then E{U) is isomorphic (as an i?-module) to a minimal right ideal of Q. (c) Z(U) -(0) if and only if U is equivalent to a uniform right ideal of R.
Proof, (a) follows from the fact that Z(U/Z(U)) = (0) [5, p. 270, Proposition 2.3] and at the same time,
then there exists embedding (of .β-modules) U-+Q (Proposition 0.1 and Lemma 2.1). We may thus assume that U is a uniform jβ-submodule of Q and further assume that U = qR for some 0 Φ q € Q, since qR ~ U for every 0 Φ q e U. Thus E(U) = E(qR) = qQ = eQ for some idempotent e in Q. Now eQ is a uniform jβ-submodule of Q R , as U is, and so eQ is a uniform ideal of Q. Since Q is Von Neumann regular, it follows that eQ is a minimal right ideal of Q. Proof. We apply Theorem 1.9 (b). The summands {e a Q} are pairwise orthogonal because they are (pairwise) non-isomorphic minimal right ideals of Q and each e a Q is, clearly, only orthogonally decomposable. It remains to show that the set {e a Q: ae A} is a maximal set of pairwise orthogonal summands of Q; now if eQ is a nonzero summand of Q, then Soc (eQ) Φ (0), by Proposition 2.5 (c), and so eQ contains a nonzero summand isomorphic to some e a Q, as {e a Q: a e A} is a complete set of non-isomorphic minimal right ideals of Q. Thus e a QeQ Φ (0), for some ae A.
In view of Theorem 1.10 (b) and Lemma 2.3 (b) , the following corollary to Theorem 2.6 is immediate. Proof, (a) implies (b). Q is artinian semi-simple in this case [6, p. 115, Theorem 1.6] and so there exist primitive orthogonal idempotents e 19 , e n such that Q = e x Q © © e n Q. Condition (a) now implies that the minimal ideals e { Q are (pairwise) non-isomorphic. It follows now from the structure theory of artinian semi-simple rings that each β^Q is a division ring and the sum e x Q φ © e n Q is a ring direct sum.
COROLLARY. If R is a ring such that %f(R R ) S' R R ^nd M is a nonsίngular module, then M is a cogenerator for ^Y* if, and only if
(b) implies (a). Each A { is a minimal Q-ideal and they (the ideals J t ) are non-isomorphic. Now use Theorem 2.6. Now we turn our attention to the case when R is a prime ring. Proof, (a) implies (b). Over a prime ring R a two-sided ideal of R is either an essential submodule of R R or it is zero (e.g. [1, p. 570, Lemma 3] ). Since Z(M) = 0, it follows that r. ann Λ (M) = (0).
(b) implies (a). A nonzero right ideal A of R is a nonzero, nonsingular module and so r. ann^A = (0). It follows from Proposition 2.9 that E{U) is a minimal injective cogenerator for <yΓ. On the other hand if M is a minimal injective cogenerator for *sK then M is uniform (Proposition 2.9) and so ^(R R ) Φ (0) (Lemma 2.3 (c) ). Now for the second part of the theorem, assume ^(R R ) Φ (0). It follows (Lemma 2.3 (b) ) that Q has a minimal right ideal fQ, where / is some (primitive) idempotent of Q; now if eQ is any nonzero summand of Q then fQeQ Φ (0), as Q is prime, and so Soc (eQ) Φ (0) (by Lemma 1.4, for example). It follows that Soc (Q Q ) S' Q Q and so <%f(R B ) & R R . Finally if £ is any nonsingular simple Q-module, then S ~ gQ for some primitive idempotent g of Q (by Lemma 0.2) and, as before, fQ = gQ.
COROLLARY. If R is a prime ring then Q is a minimal injective cogenerator for Λ^ if and only if Q is a division ring.
Proof. If Q is a minimal injective cogenerator for ^V then Q is a uniform JK-module (Proposition 2.9) and thus Q Q is a minimal right Q-ideal. A ring with 1^0 and no right ideals other than zero and itself is, of course, a division ring.
VASILY C. CATEFORIS
Now we obtain an example of a prime ring R such that *%f(R) -(0).
By a simple ring R we mean a ring in which (0) and R are the only two-sided ideals. PROPOSITION 2.11 . // R has no divisors of zero Φ 0 then Q is a simple ring.
Proof. Let A be a nonzero two-sided ideal of Q and thus consider a e R n A, a Φ 0 (R Π A Φ (0) as R R Q' Q R ). Since R has no divisors of zero Φ 0 we have r. ann^α = (0) and, hence, r. ann ρ α = (0). Now Qa -Qe for some idempotent e in Q and so α(l -e) = 0. Thus 1 -eer. ann Q α = (0) and so e ~ 1; we have Qα = Q, for some ae A, and so Q = A.
COROLLARY. If R has no divisors of zero Φ 0 then a nonsingular uniform module exists if and only if Q is a division ring.
Proof. If <%f(R) Φ (0) then Soc (Q) Φ (0) and as Soc (Q) is a twosided ideal, it follows that Soc (Q) -Q or that Q is simple semi-simple artinian. Now every element of R -{0} is invertible in Q and so every element q of Q has the form ad" 1 for appropriate elements a and d of R (i.e. Q is also the classical quotient ring [2] of R). It follows that if q Φ 0 then g" 1 -ώα" 1 exists and Q is a division ring.
AN EXAMPLE. Since a finite dimensional ring R (of zero singular right ideal) has an artinian semi-simple maximal quotient ring Q [6, p. 115, Theorem l.β] it follows from the proof of the above corollary that a ring R which has no divisors of zero =£θ can be one of only two Goldie dimensions (as a right i?-module): either of dimension one (i.e. either R R is a uniform module) or of infinite dimension (i.e.
/(R) = (0)). A ring R of the latter kind is the ring R = K [x, y] where if is a field and x, y are non-commuting indeterminates (but ax = xa and ay -ya for all ae K). Since xR Π yR = (0), R R is not uniform and so ^/{R R ) -(0). I wish to thank Professor E. Enochs for patiently listening to me explaining the ideas in this paper and offering corrective and constructive suggestions. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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